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Abstract: We find analytic solutions of type IIB supergravity on geometries that locally
take the form Mink×M4×C withM4 a generalised complex manifold. The solutions involve
the metric, the dilaton, NSNS and RR flux potentials (oriented along theM4) parametrised
by functions varying only over C. Under this assumption, the supersymmetry equations
are solved using the formalism of pure spinors in terms of a finite number of holomorphic
functions. Alternatively, the solutions can be viewed as vacua of maximally supersymmetric
supergravity in six dimensions with a set of scalar fields varying holomorphically over C.
For a class of solutions characterised by up to five holomorphic functions, we outline how
the local solutions can be completed to four-dimensional flux vacua of type IIB theory. A
detailed study of this global completion for solutions with two holomorphic functions has
been carried out in the companion paper [1]. The fluxes of the global solutions are, as
in F-theory, entirely codified in the geometry of an auxiliary K3 fibration over CP1. The
results provide a geometric construction of fluxes in F-theory.
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1 Introduction
Compactifications of string theories with and without flux is a subject of long history,
dating back to the seminal papers [2–4].1 Without fluxes, supersymmetry requires that the
internal manifold in type II string compactification is Calabi-Yau, whereas in the presence of
fluxes, it must be of generalised Calabi-Yau type. A generalised Calabi-Yau manifold [10] is
characterised by the existence of globally defined spinors. Spinor bilinears define polyforms
that behave as pure spinors in the generalised tangent space. Supersymmetry is preserved
in the four-dimensional theory if the pure spinors satisfy a system of first order differential
1For recent reviews (with extensive references) on the subject of supersymmetric and non-supersymmetric
flux compactifications of string theory, see [5–9].
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equations [11]. If the flux also satisfies the relevant Bianchi identities and the internal
manifold is compact, a supersymmetric four-dimensional vacuum is obtained.
In the companion paper [1], we present concrete examples of supersymmetric four-
dimensional type IIB vacua where all fields can be explicitly written out in an analytic form,
even in the presence of fluxes. The solutions are built by gluing local solutions on T 4×C in a
U-duality consistent way. Such local solutions can be found by starting from non-compact
Calabi-Yau geometries, and then applying a sequence of U-duality transformations that
rotate the metric into fluxes. In this way, different classes of flux solutions characterised
by up to three holomorphic functions are generated.
The aim of this paper is to present more general flux solutions that cannot be related
to Calabi-Yau geometries by means of U-dualities. We consider geometries that locally take
the form Mink ×M4 × C with M4 a generalised complex manifold with SU(2) structure.
We use an ansatz in which the metric, the dilaton and the type IIB fluxes are parametrised
by functions varying over the complex plane, and all form potentials are oriented along
M4. Under these assumptions, the supersymmetry constraints simplify drastically and can
be solved in terms of a finite number of holomorphic functions. We find three classes of
solutions with SU(2) structure that we denote A, B and C. The three solutions correspond
to different choices of the two angles describing the relative orientations of the two spinors
defining the SU(2) structure. The solutions A, B, C in [1] fall into the solution class of that
name here for M4 = T
4, and correspond to the case where only three of the holomorphic
functions characterising the general solutions are non-constant.
The interest in the solutions under study here lies in the fact that they can be given
an auxiliary, completely geometric description, following the approach of [12, 13] (related
ideas have been explored in [14–40]). In particular, solutions on T 4 or K3 characterised by
n ≤ 5 holomorphic functions can be extended to the whole complex plane (including infin-
ity) away from a finite number of degeneration points. Around these points, the functions
undergo non-trivial monodromy transformations in the U-duality group SO(2, n,Z). This
group is also the modular group of the space of complex structures of an algebraic K3 sur-
face with Picard number 20− n. Moreover, the locally holomorphic functions parametrise
a coset space that is isomorphic to the complex structure moduli space of this K3. The
n holomorphic functions characterising the flux solution can thus be identified with the n
holomorphic parameters (periods of the holomorphic two-form) characterising the complex
structure of the K3 surface, and the local charges in the flux solution (e.g. branes, orien-
tifold planes) can be read off from the monodromy transformations of the periods around
singular points in the base. The presence of singularities (and thus local sources) allow non-
trivial flux solutions even when the base C is compactified, in agreement with known no-go
theorems [41].2 Consequently, we can, in this way, construct four-dimensional flux vacua
of type IIB string theory in terms of auxiliary geometries that are fibrations of K3 surfaces
over, for example, a two-sphere. This auxiliary description is an extension of F-theory [42],
in that it provides a geometric description of fluxes in F-theory compactifications. The
details of this analysis are given in [1] for the case n = 2, 3 and will not be repeated here.
2Recall that the only globally defined holomorphic function on a compact space is a constant.
– 2 –
J
H
E
P
0
2
(
2
0
1
5
)
1
8
8
The techniques developed in that paper can also be applied to K3 fibrations with n > 3
complex parameters, and hence to the local solutions of this paper. Since this computation
is very technical, it goes beyond the scope of this paper and is left for future work.
The rest of this note is organised as follows. First, in section 2, we give a very brief
review of type IIB supergravity, and present the ansatz we will use for the local solutions. In
section 3, we solve the supersymmetry equations and the Bianchi identities (away from local
sources) where the internal six-manifold takes the form M4 × C. We perform the analysis
of the supersymmetry equations using the formalism of pure spinors, briefly reviewed in
appendix B. We present three classes of solutions, with different flux and metric content,
that can be parametrised in terms of a set of holomorphic functions. We also discuss
how these different classes of solutions are related by U-duality transformations. Finally,
in section 4 we draw some conclusions. Appendix A summarises our conventions, and
appendix C rederives one class of local solutions by the more direct approach of solving
the Killing spinor equations.
2 Type IIB supergravity
In this section, we provide a very brief review of type IIB supergravity, in order to clarify
our conventions. For more details, we refer the reader to [43] and recent reviews on flux
compactifications [5–9]. We also specify the ansatz for the local supersymmetric solutions
that will be studied in the next section.
2.1 Action and Bianchi identities
In the low-energy supergravity limit, the bosonic field content of type IIB string theory
consists of the Neveu-Schwarz-Neveu-Schwarz (NSNS) fields (a metric g, a scalar field called
the dilaton φ and a two-form field B) and the Ramond-Ramond (RR) p-form fields Cp,
where p is 0, 2, 4. This is complemented by the fermionic fields: two gravitinos ΨAM and
two dilatinos λA, A = 1, 2 of equal chirality.
The action for the bosonic sector is, in the string frame,
S =
1
2κ10
∫
d10x
√−g
(
e−2φ
[
R+ 4 (∇φ)2 − 1
2 · 3!H
2
]
− 1
2
F 21 −
1
2 · 3!F
2
3 −
1
4 · 5!F
2
5
)
− 1
4κ10
∫ (
C4 ∧H3 ∧ F3
)
, (2.1)
where g = det gMN , H = dB and Fn = dCn−1 − H3 ∧ Cn−3 are the NSNS and RR field
strengths, respectively. In what follows, we collectively refer to the RR fluxes using a
polyform language
F = dHC = dC −H ∧ C , where C = C0 + C2 + C4 . (2.2)
The fluxes must fulfil the Bianchi identities
dH = 0 dHF = 0 . (2.3)
If sources (NS 5-branes, Dp-branes and orientifolds) are present, they will modify the right
hand side of these equations.
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2.2 Killing spinor equations
A purely bosonic supergravity configuration is supersymmetric if and only if the fermionic
supersymmetry variations vanish. This leads to the Killing spinor equations (KSE)
δΨM =
(
∇M + 1
8
HMNO Γ
NO P + e
φ
8
∑
n
1
n!
FP1...Pn Γ
P1...Pn ΓM Pn
)
ǫ = 0 (2.4)
δλ =
(
ΓM ∂Mφ+
1
2
HMNO Γ
MNO P − e
φ
4
∑
n
(5− n)
n!
FP1...Pn Γ
P1...Pn Pn
)
ǫ = 0 (2.5)
where ΨM , ǫ and λ are column vectors containing two Majorana-Weyl spinors of the same
chirality, ∇ is the standard covariant derivative, n is odd and Γ are the ten-dimensional
Dirac matrices (see appendix A for our spinor conventions). The projection matrices P,Pn
are given by
P = −σ3 P3 = σ1 P1,5 = iσ2 . (2.6)
where the Pauli matrices σi are given in appendix A.
Once the KSE and the Bianchi identities are satisfied in a Minkowski vacuum, it can
be shown that all bosonic equations of motion follow [44, 45]; as such, the supersymmetric
solutions constructed below will satisfy all the constraints required for local type IIB vacua.
2.3 The ansatz
In the following section we will solve the KSE and the Bianchi identities corresponding to
type IIB supergravity on space-times R1,3×M4×Σ, with Σ an open subset of C. The M4
metric gmn, the dilaton φ, the B-field and Cp-fields are assumed to vary over Σ ⊂ C. All
the non-trivial fluxes are assumed to be oriented along M4.
Let {y1, y2, y3, y4} be real coordinates on M4 and z a complex coordinate on C. In
these coordinates, we write the metric and the fluxes as:
ds2 = ds24 + ds
2
6 = e
2A
3∑
µ=0
dxµdx
µ +
4∑
m,n=1
gmn dy
m dyn + e2D |h(z)|2 dz dz¯ (2.7)
B =
1
2
bmn dy
m ∧ dyn , C2 = 1
2
cmn dy
m ∧ dyn , C4 = c4 dy1 ∧ dy2 ∧ dy3 ∧ dy4 ,
where A, D, gmn, bmn, cmn, c4, C0 and φ are real z-dependent functions.
To cohere with the ansatz for the bosonic fields, the ten-dimensional Killing spinor
ǫ =
(
ǫ1, ǫ2
)T
must decompose into four- and six-dimensional spinors, that we denote ζai
and ηi, respectively. The number of four-dimensional spinors is determined by the number
of ten-dimensional spinors and the number n of well-defined internal spinor ηi:
ǫA =
n∑
i=1
(
ζAi+ ⊗ ηi+ + ζAi− ⊗ ηi−
)
, (2.8)
where ± denotes chiral and anti-chiral components of the spinors, ζAi− = ζA∗i+ , and ηi− = ηi∗+ .
We take ζAi± to be constant spinors and assume that η
i vary only along the z-plane, in
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accordance with our ansatz for the bosonic fields. On SU(2) structure manifolds there
are two globally defined spinors η1+, which can be written in the form (see appendix B
for details)
η1+ = e
A−iθ
2 η+ η
2
+ = e
A+iθ
2 (cosα η+ + sinα χ+) , (2.9)
Different choices of the angles α and θ will lead to different kinds of fluxes and brane sources.
3 Local supersymmetric solutions
In this section, we present three classes of local supersymmetric type IIB solutions, that
all satisfy the Killing spinor equations and source-free Bianchi identities. As reviewed
in appendix B.1, the fact that M4 × Σ allows two well-defined spinors implies that its
structure group is reduced to SU(2). We will use this local SU(2) structure to define
pure O(6, 6) spinors, and show that these satisfy the supersymmetry equations, once the
supergravity fields on M4 vary holomorphically over Σ. In appendix C, this result is shown
without recourse to the pure spinor language for a class of solutions, named type A in the
following, with up to five holomorphic functions.
A six-dimensional manifold of the local form M4 × Σ has a local SU(2) structure if it
admits a set of differential forms, (j,Ω2) on M4 and K on Σ (cf. appendix B.1). Choosing
local holomorphic coordinates (z1, z2, z), we take for the one-form K
K = eD h(z) dz (3.1)
and expand the two-forms j,Ω2, the NSNS two-form B and the RR potentials Cp in a basis
of closed forms onM4 with coefficients that depend on z. The fluxes of these configurations
are given by H = dB and Fn = dCn−1 − H ∧ Cn−1; they satisfy the Bianchi identities
automatically, and always have one leg along either dz or its complex conjugate.
We take the SU(2) structure on M4 to be defined by self-dual two-forms
∗4 j = j ∗4 Ω2 = Ω2 . (3.2)
We will consider potential forms oriented along M4. For a d4-closed form χ on M4 varying
only over C, the Hodge dual in six-dimensions can be written as
∗ dχ = ∗4 (∗2d2χ) = − ∗4 dc2χ (3.3)
with
d = ∂ + ∂¯ dc = i(∂¯ − ∂) (3.4)
the exterior derivatives on M4 × C and d2, dc2 their reductions to C.
The four-dimensional metric will be computed with the help of formula
gmn = −jmp Ipn (3.5)
with
Ipn = c
′ ǫpm1m2m3 (ReΩ2)nm1 (ImΩ2)m2m3 (3.6)
ǫ the Levi-Civita symbol in four dimensions, and c′ fixed such that I2 = −1. These
equations follow straightforwardly from the corresponding SU(3) structure identities (B.4)
and (B.5), cf. appendix B.
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3.1 Pure spinor equations
A particularly elegant reformulation of the supersymmetry constraints is found using
O(6, 6) pure spinors (or polyforms) Φ1,2 [11, 46]. In terms of these variables the KSE (2.4)–
(2.5) translate into a set of first order differential equations
dH(e
3A−φΦ1) = 0 (3.7)
dH(e
2A−φReΦ2) = 0 (3.8)
dH(e
4A−φImΦ2) =
e4A
8
∗ λ(F ) , (3.9)
with dHχ = dχ − H ∧ χ for any differential form χ, and λ(F ) = F1 − F3 + F5. In
appendix B.1 we review how Φ1,2 are related to the six-dimensional spinors η
i
±: the latter
define nowhere vanishing differential forms (j,Ω2,K) which in turn specify two nowhere
vanishing polyforms Φ± [47, 48]
Φ1 = −1
8
K ∧ (sinα e−ij + i cosα Ω2)
Φ2 =
e−iθ
8
e
1
2
K∧K¯
(
cosα e−ij − i sinα Ω2
)
.
(3.10)
By specifying α and θ, we will, in the remainder of this section, find three different
types of supersymmetric IIB solutions, that we will label A, B and C. More precisely, we will
construct local solutions to the KSE and the Bianchi identities following the ansatz (2.7).
In this analysis, we will, from time to time, use the fact that the SU(2) structure defines
also an SU(3) structure on the six-dimensional manifold characterised by the forms
Ω3 = K ∧ Ω2 J = j + i
2
K ∧ K¯ . (3.11)
3.2 Solution class A
We start by considering the case α = 0 and θ = π/2, i.e.
Φ1 = − i
8
Ω3 Φ2 = − i
8
e−iJ (3.12)
In this case the two spinors ηA are parallel, but out of phase.3 The constraints (3.7)–(3.9)
become
dH(e
3A−φΩ3) = 0 , (3.13)
dH(e
2A−φIm[e−iJ ]) = 0 , (3.14)
dH(e
4A−φRe[e−iJ ]) = −e4A ∗ λ(F ) , (3.15)
The first two supersymmetry equations lead to
d(e3A−φΩ3) = d(e
2A−φJ) = H ∧ J = H ∧ Ω3 = 0 , (3.16)
3This case was studied in [13], where solutions with the local geometry K3× Σ were found.
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where we solve the first two relations by taking
Ω3 = e
φ−3AΩˆ3 J = e
φ−2A Jˆ , (3.17)
with dΩˆ3 = dJˆ = 0. A sufficient condition to solve the last two constraints is to take
B anti-self-dual, since this implies that B wedges to zero with both J and Ω3. Since B
is a closed z-dependent form on M4, this implies that H = dB also wedges to zero with
these forms.
The third supersymmetry equation (3.15) then reduces to4
F5 = dC4 −H ∧ C2 = e−4A ∗ d[e4A−φ] (3.18)
F3 = dC2 −H C0 = e−φ ∗ dB (3.19)
F1 = dC0 = −1
2
e−4A ∗ d[e4A−φJ ∧ J ] . (3.20)
Using (A.7), (B.3) and (3.17), we compute the Hodge duals
∗ 1
2
(df ∧ J ∧ J) = −dcf ∗ df = −1
2
dcf ∧ J ∧ J , (3.21)
On the other hand, using (3.3) and the anti-self-duality5 of B one finds
∗ dB = − ∗4 dc2B = dcB (3.22)
with d2 and d
c
2 the restrictions of d, d
c to C. Consequently
dC4 − dB ∧ C2 = 1
2
dc[eφ−4A Jˆ ∧ Jˆ ] (3.23)
dC2 − C0 dB = e−φdcB (3.24)
dC0 = −dce−φ . (3.25)
where we have used (3.22) and that B is anti-self-dual with respect to ∗4.
As noticed in [13], these equations can be written in the compact form
∂¯T = 0 (3.26)
with the holomorphic polyform
T = e−B(C + ie−φRe[e−ij ]) (3.27)
or, in components,
T0(z) = C0 + ie−φ (3.28)
T2(z) = C2 − τB (3.29)
T4(z) = C4 −B ∧ C2 + 1
2
τB ∧B − i
2
e−φj ∧ j . (3.30)
4For p-forms on even-dimensional spaces, we have ∗2 = −1 for odd p, and ∗2 = +1 for even p.
5Notice that for a two-form ∗4 = ∗ˆ4, i.e. self-duality with respect to the warped and flat metrics
associated to j and jˆ are equivalent.
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Let us take B = baχ
−
a , C2 = caχ
−
a , T2 = β(a)χ−a with χ−a a basis of anti-self-dual two-forms
on M4 that satisfy
χ−a ∧ χ−b = −2δab dy1 ∧ dy2 ∧ dy3 ∧ dy4 . (3.31)
A supersymmetric solution is then specified by the set of holomorphic functions
τ(z) = C0 + i e
−φ
β(a)(z) = ca − τba
σ(z) = −c− 2 ba ca + τ b2a + i eφ−4A , (3.32)
where we have used that j ∧ j = 2e2φ−4A dy1 ∧ dy2 ∧ dy3 ∧ dy4. We conclude that a
supersymmetric solution is specified by (b−2 + 2)-holomorphic functions (where b
−
2 is the
number of globally defined anti-self-dual two-forms on M4) characterising the fluxes, and
a choice of warped metric for M4.
3.2.1 Example A: 5 holomorphic functions
As an example we can consider M4 = T
4 with trivial SU(2) structure and K = eD h dz,
which give the SU(3) structure forms
Ω3 = e
φ−3A h dz ∧ (dy1 + i dy4) ∧ (dy2 + idy3)
J = eφ−2A
[
dy1 ∧ dy4 + dy2 ∧ dy3]+ i
2
e2D |h|2 dz ∧ dz¯ . (3.33)
For this choice 12Ω2 ∧ Ω¯2 = j ∧ j implies D = −A and a basis of anti-selfdual two-forms
can be taken to be
χ−a = {dy1 ∧ dy2 − dy3 ∧ dy4, dy1 ∧ dy3 + dy2 ∧ dy4, dy1 ∧ dy4 − dy2 ∧ dy3} . (3.34)
The solution is then parametrised by five holomorphic functions
τ = τ1 + iτ2 , σ = σ1 + iσ2 , β
(a) = β
(a)
1 + iβ
(a)
2 , a = 1, 2, 3 ,
and can be written as
ds2 = e2A
3∑
µ=0
dxµdxµ + e
φ−2A
4∑
m,n=1
δmndy
mdyn + e−2A|h(z)|2dzdz¯
e−φ = τ2, C0 = τ1,
B = − 1
τ2
β
(a)
2 χ
−
a , C2 =
(
β
(a)
1 −
τ1
τ2
β
(a)
2
)
χ−a ,
C4 =
(
−σ1 + 2
τ2
~β1 · ~β2 − τ1
τ22
~β2 · ~β2
)
dy1 ∧ dy2 ∧ dy3 ∧ dy4 , (3.35)
with ~βi · ~βj =
∑
a β
(a)
i β
(a)
j and
e−2A =
√
σ2τ2 − ~β2 · ~β2 . (3.36)
The metric has been computed by inserting J and Ω3 into (B.4) and (B.5). In ap-
pendix C, we rederive this solution by directly solving the equations (2.4)–(2.5) for the
ten-dimensional Killing spinors ǫ1,2.
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3.3 Solution class B
In the case α = π/2, the two spinors ηA are orthogonal. The pure spinors are
Φ1 = −1
8
K e−ij Φ2 = − i
8
Ω2 e
1
2
K∧K¯ (3.37)
where the SU(2) structure forms K, j and Ω2 are defined in (B.6) and we set θ = 0 since
this phase can be trivially reabsorbed in the definition of Ω2.
The supersymmetry equations (3.7)–(3.9) then require
dH(e
3A−φK e−ij) = 0 , (3.38)
dH(e
2A−φ ImΩ2) = 0 , (3.39)
dH(e
4A−φReΩ2) = e
4A ∗ λ(F ) , (3.40)
where we use that K ∧ K¯ is closed and dχ ∧K ∧ K¯ = 0 for any form χ that is closed on
M4. The first equation implies
d(e3A−φK) = K ∧ d(B + ij) = 0 (3.41)
that is solved by taking
K = eφ−3A h(z) dz d4j = 0 B + ij = γ(z) (3.42)
with h(z) and γ(z) holomorphic zero and two-forms respectively. Equation (3.39) implies
d(e2A−φIm Ω2) = H ∧ Im Ω2 = 0 . (3.43)
Since B is parallel to j in order to satisfy (3.42), the second constraint is automatic. The
first may be solved by
Ω2 = e
φ−2A Ωˆ2 (3.44)
with dΩˆ2 = 0. The third supersymmetry equation (3.40) decomposes to
F1 = dC0 = 0 (3.45)
F3 = d(C2 −BC0) = e−4A ∗ d(e4A−φReΩ2) = dc(e−2A ∗4 ReΩˆ2) (3.46)
F5 = dC4 −H ∧ C2 = 0 . (3.47)
Using that Ω2 is self-dual, ∗4Ω2 = Ω2, this is solved by
−C2 + C0B + i e−2AReΩˆ2 = ρ(z) (3.48)
C4 =
1
2
C0B ∧B (3.49)
with C0 a constant and ρ(z) a holomorphic two-form. Writing B = baχa, j = jaχa,
γ = γaχa and C2−C0B = −cReΩˆ2, the solution is specified by the holomorphic functions
ρ(z) = c+ i e−2A γa(z) = ba + ija (3.50)
In the case M4 = T
4, after fixing a complex two-form Ωˆ2, the ja span a four-dimensional
space orthogonal to Ωˆ2. The dilaton is fixed by the SU(2) condition j ∧ j = 12Ω2 ∧ Ω¯2. The
solution is then specified by five holomorphic functions, one from ρ and four from the γa’s.
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3.3.1 Example B: 4 holomorphic functions
As an example of solution in the B-class we can takeM4 = T
4, ρ(z) = i, i.e. c = A = 0, and
Ω2 = e
φ(dy1 + i dy4) ∧ (dy2 + i dy3)
j = τ2dy
1 ∧ dy4 + σ2dy2 ∧ dy3 − β(1)2 (dy1 ∧ dy3 + dy2 ∧ dy4)
+ β
(2)
2 (dy
1 ∧ dy2 − dy3 ∧ dy4) . (3.51)
The condition j ∧ j = 12Ω2 ∧ Ω¯2 implies
e2φ = σ2τ2 − ~β2 · ~β2 (3.52)
Plugging (3.51) into (3.5)–(3.6) (or the corresponding J and Ω3 into (B.4)–(B.5)) one finds
for the metric on T 4
gmn =


τ2 −β(1)2 −β(2)2 0
−β(1)2 σ2 0 β(2)2
−β(2)2 0 σ2 −β(1)2
0 β
(2)
2 −β(1)2 τ2

 (3.53)
The solution becomes
ds2 =
3∑
µ=0
dxµdxµ +
4∑
m,n=1
gmnδy
mδyn + e2φ|h(z)|2dzdz¯ ,
B = τ1dy
1 ∧ dy4 + σ1dy2 ∧ dy3 − β(1)1 (dy1 ∧ dy3 + dy2 ∧ dy4)
+ β
(2)
1 (dy
1 ∧ dy2 − dy3 ∧ dy4) ,
C0 = 0 , C2 = 0 , C4 = 0 . (3.54)
3.4 Solution class C
Finally, we consider the case α = 0 and θ = π. Like in case A, the two spinors ηA are
parallel but now the relative phase is simply a sign. The pure spinors are
Φ1 =
1
8
Ω3 , Φ2 = −1
8
e−iJ . (3.55)
The supersymmetry equations (3.7)–(3.9) thus require
dH(e
3A−φΩ3) = 0 , (3.56)
dH(e
2A−φRe[e−iJ ]) = 0 , (3.57)
dH(e
4A−φIm[e−iJ ]) = −e4A ∗ λ(F ) . (3.58)
The first two equations imply
d(e3A−φΩ3) = d(e
2A−φ) = H = dJ ∧ J = 0 (3.59)
of which the first three constraints can be solved by taking
φ = 2A H = 0 Ω3 = e
−A Ωˆ3 (3.60)
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with δΩˆ3 = 0. The six-dimensional manifold is then warped complex but need not be
Ka¨hler. Using K from (3.1) in (3.11), we conclude that Ω2 = e
−A−D Ωˆ2 with Ωˆ2 a closed
two-form varying holomorphically along the C-plane. On the other hand the last equation
in (3.59) implies
0 = dJ ∧ J = dj ∧ j − i
2
dj ∧K ∧ K¯ ⇔ dj ∧ j = 0 , d4j = 0 , (3.61)
so j is a closed form on M4 that varies with z in such a way to keep j ∧ j constant. The
equation dj ∧ j = 0, or equivalently dcj ∧ j = 0, can be solved6 by taking dcj anti-self-dual
with respect to ∗4
∗4 dcj = −dcj . (3.62)
On the other hand, from j ∧ j = 12Ω2 ∧ Ω¯2 we conclude that
D = −A ⇒ Ω2 = Ωˆ2 (3.63)
Finally the third supersymmetry equation in (3.58) decomposes into (recall that H = 0)
F1 = dC0 = 0 (3.64)
F3 = dC2 = −e−4A ∗ d(e2Aj) = −dc(e−2A) ∧ j − e−2A ∗ dj = −dc(e−2Aj) (3.65)
F5 = dC4 = 0 . (3.66)
where we used (3.3) and (3.62). Eqs. (3.64)–(3.66) can then be solved by taking C0, C4
constant and
γ = C2 + i e
−2Aj (3.67)
holomorphic. We recall that j is a two-form orthogonal to Ω2 that satisfies d(j ∧ j) = 0.
Just as discussed above for solutions of type B, when M4 = T
4 we can expand j in a
four-dimensional basis of two-forms orthogonal to Ω2. Writing C2 = caχa we build four
holomorphic functions
γa = ca + i e
−2A ja . (3.68)
The flux content of general solutions in this class is then characterised by four holomorphic
functions. Additionally, there may be holomorphic functions that parametrise Ω2.
3.4.1 Example C: 4 holomorphic functions
As an example of solution in the C-class we choose M4 = T
4 and
Ω2 = (dy
1 + i dy4) ∧ (dy2 + i dy3) (3.69)
j = e2A
[
τ2dy
1 ∧ dy4 + σ2dy2 ∧ dy3 − β(1)2 (dy1 ∧ dy3 + dy2 ∧ dy4)
+ β
(2)
2 (dy
1 ∧ dy2 − dy3 ∧ dy4)]
The condition j ∧ j = 12Ω2 ∧ Ω¯2 implies
e−2A =
√
σ2τ2 − ~β2 · ~β2 . (3.70)
We recall that φ = 2A = −2D.
6For M4 = T
4 or M4 = K3, which have three-dimensional bases of self-dual two-forms, this is the most
general solution, since dcj ∧ j = dcj ∧ Ω2 = 0 implies that d
cj is anti-selfdual with respect to ∗4.
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The T 4 metric computed from (3.5) and (3.6) is
gmn = e
2A


τ2 −β(1)2 −β(2)2 0
−β(1)2 σ2 0 β(2)2
−β(2)2 0 σ2 −β(1)2
0 β
(2)
2 −β(1)2 τ2

 (3.71)
and the solution becomes
ds2 = e2A
3∑
µ=0
dxµdxµ +
4∑
m,n=1
gmnδy
mδyn + e−2A|h(z)|2dzdz¯ ,
C2 = τ1dy
1 ∧ dy4 + σ1dy2 ∧ dy3 − β(1)1 (dy1 ∧ dy3 + dy2 ∧ dy4)
+ β
(2)
1 (dy
1 ∧ dy2 − dy3 ∧ dy4) ,
C0 = 0 , C2 = 0 , C4 = 0 . (3.72)
3.5 Relations between local solutions
In the preceding sections, we presented three types of supersymmetric local solutions to type
IIB supergravity. For each class, we displayed an example of solutions on T 4 characterised
by 4 holomorphic functions. These three solutions can be related to each other acting with
T- and S-dualities.
Under T-duality along a direction y, the metric in the string frame and the NSNS/RR
fields transform as [49–51]:7
g′yy =
1
gyy
, e2φ
′
=
e2φ
gyy
, g′ym =
Bym
gyy
, B′ym =
gym
gyy
g′mn = gmn −
gmygny −BmyBny
gyy
, B′mn = Bmn −
Bmygny − gmyBny
gyy
C ′m...nαy = Cm...nα − (n− 1)
C[m...n|ygy|α]
gyy
C ′m...nαβ = Cm...nαβy − nC[m...nαBβ]y − n(n− 1)
C[m...n|yB|α|yg|β]y
gyy
(3.73)
On the other hand, under S-duality for backgrounds with C0 = 0 is
φ′ = −φ g′ = e−φg C ′2 = −B B′ = C2 . (3.74)
Using these formulas one can check that solutions in sections 3.2.1, 3.3.1 and 3.4.1 are
related by the duality maps
A
T14←→ C S←→ B (3.75)
if β(3) is set to zero in section 3.2.1. It is important to notice that unlike in the case of three
holomorphic solutions studied in the companion paper [1], solutions with four holomorphic
functions cannot be mapped to purely metric backgrounds using dualities. Indeed, a simple
inspection of (3.54) shows that B have legs long all 6 two-cycles of the T 4 so there is no
way so translate it into metric via T-dualities.
7Our conventions are such that B → −B, B′ → −B′ with respect to [51].
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4 Conclusions and outlook
In this paper, we presented explicit solutions where the ten-dimensional spacetime takes the
local form R1,3×M4×Σ, withM4 a generalised complex manifold with SU(2) structure and
Σ an open subset of C. The metric, dilaton, NSNS and RR potentials are oriented along
M4 and assumed to vary only along C. We display explicit examples for M4 = T
4 specified
by up to four holomorphic functions. These solutions can be viewed as supersymmetric
solutions of N = (2, 2) maximal supergravity in six dimensions with a set of scalar fields
varying over the z-plane.
This theory is parametrised by a scalar manifold
MIIB on T 4 = SO(5, 5,Z)\
SO(5, 5,R)
SO(5,R)× SO(5,R) (4.1)
of dimension 25: 9 fields parametrise the symmetric and traceless metric on T 4, 2 × 6
fields correspond to NSNS and RR two-forms and 4 fields are related to the dilaton, the
T 4-volume, the RR zero- and four-forms. The holomorphic functions ϕI(z) characterising
the local solutions span a complex sub-manifold of (4.1). For example, for solutions of class
A with conformally flat metric, the holomorphic functions span the n = 1, . . . 5-complex
dimensional submanifold
MBPS = SO(2, n,Z)\ SO(2, n,R)
SO(2,R)× SO(n,R) ⊂MIIB on T 4 . (4.2)
Explicit solutions from class B and C with n = 1, . . . 4 were constructed in 3.3.1, 3.4.1. They
are U-dual versions of solutions in class A, and thus share the same moduli space (4.2);
in this case, the three solution classes correspond to different orientations of MBPS in-
side MIIB on T 4 .
The moduli space (4.2) is isomorphic to the moduli space MK3,n of complex struc-
tures for an algebraic K3 surface with Picard number 20− n. The holomorphic functions
characterising the flux solutions can then be viewed as the complex structure of an aux-
iliary K3 surface varying holomorphically over a plane. A consistent fibration of the K3
surface then defines a fully consistent, non-perturbative flux solution of type IIB super-
gravity using results in [1, 12, 13]. In particular, a compact Calabi-Yau threefold composed
of a K3 surface fibered over CP1 can be used to construct a four-dimensional vacuum of
type IIB supergravity with non-trivial fluxes. In the global solution, the local solutions are
glued together using U-dualities to cover the whole complex plane C. Branes are associ-
ated to singular points in CP1 where the complex structure of the K3 fiber degenerates
and around which the holomorphic functions defining the local solutions have non-trivial
U-duality monodromies. For a critical number of branes, the two-dimensional metric can
be chosen to be regular at infinity, thus compactifying the C plane into CP1. In this pro-
cedure, fluxes translate into geometry and we can exploit the well developed techniques of
algebraic geometry to find new supersymmetric flux vacua. The reader is referred to the
accompanying paper [1], where the details of the flux/geometry dictionary are studied and
discussed in great detail.
– 13 –
J
H
E
P
0
2
(
2
0
1
5
)
1
8
8
Acknowledgments
The authors would like to thank A. Braun, V. Braun, C. Hull, L. Martucci, M. Petrini and
D. Waldram for interesting discussions and valuable comments. CD, ML and JFM would
like to thank the Mathematical Institute, University of Oxford and Theoretical Physics
group at Imperial College London for their kind hospitality during parts of this project.
The work of PC is supported by EPSRC grant BKRWDM00. AC would like to thank
the University of Oxford and the STFC for support during part of the preparation of this
paper. The research of ML was supported by the Swedish Research Council (VR) under
the contract 623-2011-7205. The work of JFM is supported by EPSRC, grant numbers
EP/I01893X/1 and EP/K034456/1 and the ERC Advanced Grant n. 226455.
A Conventions
We use (M,N,P,Q . . .) to index ten-dimensional quantities, (m,n, p, q . . .) in the internal
six dimensions and (µ, ν, ρ, . . .) for the four space-time dimensions. Flat tangent space
indices will sometimes be used, and we denote them with a hat: Mˆ, mˆ etc.
Gamma matrices. Ten-dimensional Dirac matrices are denoted by ΓM , and six-
dimensional ones by γm. We will choose the latter to be hermitian, γ†mˆ = γmˆ, imaginary
and antisymmetric. All Dirac matrices satisfy the Clifford algebra (e.g. in six dimensions
{γm, γn} = 2gmn) and totally antisymmetric products of gamma matrices are denoted
γm1m2...mk , where e.g.
γmn =
1
2
[γm, γn] . (A.1)
The chirality operator in d dimensions is given by
γd+1 = i
−d/2γmˆ1...mˆd = i
−d/2 1√|g|γm1...md , (A.2)
where we use hatted letters for flat tangent space indices. The eigenvalues of γd+1 are +1
(-1) for chiral (antichiral) spinors. Thus, a six-dimensional spinor η can be decomposed
into chiral and anti-chiral components η±, where γ7η± = ±η± (η− = η∗+). Without loss of
generality, we will take η± to have unit norm, η
†
+η+ = η
†
−η− = 1.
The two-dimensional Pauli matrices are given by
σ1 =
(
0 1
1 0
)
σ2 =
(
0 i
−i 0
)
σ3 =
(
1 0
0 −1
)
. (A.3)
Differential forms and Hodge duals. We define the components of a differential p-
form by
A =
1
p!
Am1...mpdx
m1 ∧ . . . ∧ dxmp , (A.4)
The contraction of a q-form with a p-form (p > q) is
ByA =
1
(p− q)!B
m1...mqAm1...mpdx
mq+1 ∧ . . . ∧ dxmp . (A.5)
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Our convention for the Hodge star operation ∗, when acting on a p-form, is
∗A =
√|g|
p!(d− p)!ǫm1...md−p
n1...npAn1...npdx
m1 ∧ . . . ∧ dxmd−p . (A.6)
with ǫ1...d = 1, cf. [48, 52]. Another very useful relation is the combined identity
∗ (B ∧A) = (−1)
q
q!
By(∗A) , (A.7)
where A is a p-form, B a q-form, and (d− p) > q. Further relevant identities can be found
in [53].
The six-dimensional exterior derivative can be decomposed into holomorphic and an-
tiholomorphic parts, and with local holomorphic coordinates za, a = 1, 2, 3, we have
d = ∂ + ∂¯ dc = i(∂¯ − ∂) (A.8)
with
∂ = dza
∂
∂za
∂¯ = δz¯a
∂
∂z¯a
. (A.9)
The 2d Hodge dual satisfies
∗2 dz = i dz . ∗2 1 = dvol2 =
√
|g2| dz ∧ dz¯ . (A.10)
B Spinors, structure groups and pure spinors
B.1 SU(3) and SU(2) structures
If a six-dimensional manifold admits a nowhere vanishing spinor η its structure group is
reduced to SU(3). Another way to express this constraint is in terms of differential forms.
The spinor can also be used to define a set of pure O(6, 6) spinors. In this appendix, we
briefly review these different formalisms, in order to pave the way for the analysis of the
local supersymmetry conditions of type IIB compactifications.
In string compactifications to four dimensions, supersymmetry requires the existence
onM6 of at least one globally defined and nowhere vanishing spinor η. The six-dimensional
spinors η± can be used to build a nowhere vanishing real two-form J and a complex
decomposable three-form Ω3 on the six-dimensional manifold
8
Jmn = −iη†+γmnη+ Ωmnp = −iη†−γmnpη+ (B.1)
For manifolds of strict SU(3) structure, i.e. those for which η is unique, these are the only
nowhere vanishing forms can be defined on M6.
9 J and Ω3 are subject to the constraints
J ∧ Ω3 = 0 1
6
J ∧ J ∧ J = i
8
Ω3 ∧ Ω¯3 = dvol6 . (B.2)
8Gamma matrices are in our conventions imaginary and complex.
9In particular, there are no globally defined one-forms on M6; for spinors η1,2 of the same chirality,
bilinears η†1γ
m1...mkη2 vanish for odd k, and η
†
∓γ
mη± = η
T
±γ
mη± = 0 follows from the antisymmetry of γ
m.
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The Hodge duals of J and Ω3 are
∗J = 1
2
J ∧ J , ∗Ω3 = −iΩ3 . (B.3)
One can show that
I pn = c ǫ
pm1...m5 (ReΩ3)nm1m2 (ReΩ3)m3m4m5 , (B.4)
satisfies Im
pIp
n = −δnm for a given normalisation constant c. The matrix I thus defines an
almost complex structure [54] (see also section 3.1 in [55]). Moreover, the contraction of I
with J gives a metric
gmn = −Jmp Ipn . (B.5)
On a Calabi-Yau manifold, J and Ω3 are closed and I is an integrable complex structure.
The Ricci-flat Calabi-Yau metric is given by (B.5) once the Ka¨hler form and holomorphic
top-form have been correctly identified in the cohomology classes of J and Ω3.
If a six-dimensional manifold allows two orthogonal nowhere-vanishing spinors, η and
χ, its structure group is further reduced to SU(2). Again, without loss of generality, we
take the chiral and antichiral parts of the spinors to have unit norm. The SU(2) structure is
characterised by the existence of a nowhere vanishing complex one-form K, a real two-form
j, and a complex two-form Ω2 given by:
Km = η
†
−γmχ+ jmn = −iη†+γmnη+ + iχ†+γmnχ+ Ω2mn = η†−γmnχ− (B.6)
The SU(2) structure can be embedded into the SU(3) via the relations
J = j +
i
2
K ∧ K¯ , Ω3 = K ∧ Ω2 . (B.7)
Using these relations and (B.2), it is straightforward to show the SU(2) structure relations
j ∧ Ω2 = 0 , j ∧ j = 1
2
Ω2 ∧ Ω¯2 , Kyj = KyΩ2 = 0 . (B.8)
and vice versa these conditions imply that J and Ω3 given by (B.7) is an SU(3) structure
(using the fact that |K|2 = 2, which follows from the unit norm of χ+).
B.2 Pure spinors
For manifolds with SU(2) structure, one can write
η1+ = aη+ η
2
+ = b(cosα η+ + sinα χ+) , (B.9)
In presence of D-branes the modulus of the two spinor should match,10 and supersymmetry
requires |a|2 = |b|2 = eA. We write a = |a|eiθ1 , b = |b|eiθ2 . The parameter α interpolates
10This follows from the fact that D-brane boundary conditions relate left and right moving spinors. In
particular for a Dp-brane one finds ǫ1 = Γˆ
i0...ipǫ2.
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between strict SU(3) (α = 0, parallel spinors) and SU(2) (α = π/2, orthogonal spinors)
structures. The O(3) spinors η1,2 can be used to define two pure O(6, 6) spinors
Φ± =
1
|a|2 η
1
+η
2†
± =
1
8|a|2
6∑
k=0
1
k!
η2†± γmk...m1η
1
+γ
m1...mk (B.10)
The right hand side of (B.10) can be thought as a polyform via the Clifford map
γm1m2...mk ←→ dxm1 ∧ dxm2 ∧ . . . ∧ dxmk (B.11)
In particular bilinears made out of spinors of the same (different) chirality lead to odd
(even) forms.
The various contributions can be written as
χ+ =
1
2
Kmγ
mη−
η+η
†
+ =
1
8
e−ij+
1
2
K∧K¯
χ−η
†
− =
1
8
Ω2 e
1
2
K∧K¯ .
(B.12)
Equations (B.12) are equivalent to (B.6) and can be used as an alternative definition of an
SU(2) structure. The equivalence between the two can be shown by multiplying the last
two relations in (B.12) by (I, γm, γmn, . . . , γmnpqrs) and tracing over spinor indices; for the
first relation one should multiply χ+ in (B.12) with η
†
−γn from the left.
Plugging (B.12) into (B.10) one finds [47, 48]
Φ− = −e
iθ+
8
K ∧ (sinα e−ij + i cosα Ω2)
Φ+ =
eiθ−
8
e
1
2
K∧K¯
(
cosα e−ij − i sinα Ω2
)
,
(B.13)
with θ± = θ1 ± θ2. The phase θ+ can be reabsorbed into the definition of K so we discard
this phase and rename θ− = −θ in the main text. By specifying α and θ, we find different
supersymmetric solutions (see section 3).
C Explicit solution for the Killing spinor
In this appendix, we present explicit local type A solutions of the KSE (2.4)–(2.5) that
are parametrised by up to five holomorphic functions. It can be checked that this solution
satisfies the equations of motion of type IIB supergravity, and we have done so using
Mathematica.
We start from the ansatz
ds2 = e2A
3∑
µ=0
dxµdxµ + e
φ−2A
4∑
m,n=1
δmn dy
m dyn + e2D |h(z)|2 dzdz¯
B = ba χ
−
a C2 = ca χ
−
a C4 = c dy
1 ∧ dy2 ∧ dy3 ∧ dy4 (C.1)
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where we choose a basis of anti-self forms on T 4 as in (3.34)
χ−a = {dy1 ∧ dy2 − dy3 ∧ dy4, dy1 ∧ dy3 + dy2 ∧ dy4, dy1 ∧ dy4 − dy2 ∧ dy3} (C.2)
The KSE are then solved by Killing spinors ǫi, that satisfy
ǫ2 = i ǫ1 Γzǫ1 = 0 Γ12ǫ1 = Γ34ǫ1 , (C.3)
with ǫ0 a constant spinor. The condition Γ
12ǫ1 = Γ34ǫ1, together with the anti-self-duality
of B and C2 implies that
BmnΓ
mnǫ = CmnΓ
mnǫ = 0 , (C.4)
where ǫ is the two-component vector (ǫ1, ǫ2)T . The dilatino equation then reduces to the
holomorphicity condition on the axio-dilaton field,
∂¯τ = ∂¯(C0 + i e
−φ) = 0 (C.5)
in agreement with the pure spinor analysis in section 3.2.
The vanishing of gravitino variations split into two conditions(
−Hmnz¯Γnz¯ + i
2
eφFz¯npΓ
z¯npΓm
)
ǫ1 = 0 (C.6)(
∇m − ie
φ
8
∑
n=1,5
1
(n)!
FP1...PnΓ
P1...PnΓm
)
ǫ1 = 0 (C.7)
Equation (C.6) for m = yi give us(
−∂¯ByinΓnz¯ +
i
2
eφ
(
∂¯Cnp − C0∂¯Bnp
)
Γz¯npΓyi
)
ǫ1 = 0 (C.8)
Writing
Γz¯npΓyi = {Γz¯np,Γyi} − Γyi Γz¯np = 2Γz¯[nδp]i − Γyi Γz¯np (C.9)
and using (C.4) to discard the contribution of the last term in (C.9) one finds
ieφ∂¯
(
Cnyi − τBnyi
)
Γz¯nǫ1 = 0 (C.10)
that implies
∂¯ (Cmn − τBmn) = 0 (C.11)
Let us consider now (C.7),(
1
4
ωmnpΓ
np − ie
φ
8
(
FnΓ
n +
1
5!
FmnopqΓ
mnopq
)
Γm
)
ǫ1 = 0 (C.12)
The non-trivial components of the spin connection are
ωyiyiz¯ = ∂¯(e
φ−2A)
ωzzz¯ = w
∗
z¯z¯z =
1
2
∂¯ ln
(σ2τ2 − ~β22)
|h|2 (C.13)
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Plugging this into (C.12), for m = yi one finds(
2i∂¯(eφ−2A) + e2φ−4A(∂¯C0 − e4A−2φ Fz¯1234
)
Γy
iz¯ǫ1 = 0 (C.14)
where we used Γ1234ǫ1 = e4A−2φǫ1 and Γyi = e
φ−2AΓy
i
. Writing ∂¯C0 = −i∂¯e−φ one finds
i ∂¯eφ−4A − F1234z¯ = 0 (C.15)
or equivalently
∂¯(C4 −B ∧ C2 + 1
2
τB ∧B − i eφ−4A d4y) = 0. (C.16)
Thus, all three conditions in (3.26) are reproduced.
Finallly taking m = z in (C.7) one finds the differential equation(
∂z¯ − 1
8
∂z¯ ln
σ2τ2 − ~β22
|h|2
)
ǫ1 = 0,
(
∂z +
1
8
∂z ln
σ2τ2 − ~β22
|h|2
)
ǫ1 = 0, (C.17)
where we use the compact notation ~β22 =
∑
a(β
(a)
2 )
2. These equations are solved by
ǫ1 =
(
h¯(z¯)
h(z)(σ2τ2 − ~β22)1/2
)1/4
ǫ0 . (C.18)
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